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Superlenses made of plasmonic materials and metamaterials can i mage f eatures at the subdiffraction
scale. However, i ntrinsic l osses i mpose a serious restriction on i maging resolution, a problem that has
hindered widespread applications of superlenses. Optical waves of complex f requency that exhibit a
temporally attenuating behavior have been proposed to offset the i ntrinsic l osses i n superlenses through
the i ntroduction of virtual gain, but experimental realization has been l acking because of the difficulty of
imaging measurements with temporal decay. I n this work, we present a multifrequency approach to
constructing synthetic excitation waves of complex f requency based on measurements at real
frequencies. This approach allows us to i mplement virtual gain experimentally and observe
deep-subwavelength i mages. Our work offers a practical solution to overcome the i ntrinsic l osses
of plasmonic systems f or i maging and sensing applications.

I
n conventional optical imaging, Abbe dif-
fraction limits the resolution of feature sizes
to larger thanhalf thewavelength. This limit
is due to the loss of the subwavelength infor-
mation carried by evanescentwaves. To over-

come this limitation, a negative refractive index
lens has been proposed to enhance the evanes-
cent waves to recover the deep-subwavelength
resolution of imaging (1, 2). Subsequently, super-
lenses, made of either natural materials with
negative permittivities (3–7) or hyperbolic mate-
rials with mixed signs of dielectric constants
along different directions ( 8–13), have been
proposed t o attain s ubdiffractional l imited
imaging. Nevertheless, losses are non-negligible
in materials with negative parameters (14–16),
which reduces the deep-subwavelength infor-
mation of the superlenses and seriously affects
the resolution of imaging (17–19). To compen-
sate for these losses, it has been proposed that
gainmaterials could be incorporated intometa-
material designs or plasmonics (20–27), but the
setup is extremely complicated and the gain
will inevitably introduce instability and noise
into the system (28–30). It has been proposed
that c omplex-frequency waves ( CFWs) with
temporally growing or attenuating behaviors

could provide virtual absorption or virtual gain
(31–35). Some theoretical proposals have been
put forward to recover the deep-subwavelength
information carried by surface plasmons through
the excitationofCFWswith temporal attenuation
(32–35). However, synthesizing CFWs i s chal-
lenging i n optical systems f rom a practical
perspective.
To address this challenge, we synthesized

CFWsignals using amultifrequency approach.
We exploited t he f act t hat a t runcated CFW
can be expressed as a combination of multiple
frequency components with coefficients that
follow aLorentzian spectral lineshape through
the Fourier transformation.We performedmea-
surements at multiple r eal f requencies and
numerically synthesized the field distribution
under CFW illumination by combining themea-
sured field plots at different frequencies accord-
ing to the Lorentzian lineshape. As a proof of
concept, both a SiC slab operating at optical
frequencies and a bulk hyperbolic metamate-
rial operating at microwave frequencies were
used as superlenses. We show that, although
the spatial resolution of i maging at real fre-
quencies is poor, caused by the inevitablemate-
rial loss in these systems, ultrahigh resolution
imaging canbe obtainedwith synthesizedCFWs
that consist of multiple frequency components.

Loss compensation with CFWs

We start with an example of l oss compensa-
tion for a metallic material described by the
Drude model, e(w) = 1 – wp/ w + iwg, where g is               
the nonzero ohmic loss term. Below the plasma
frequency wp, the permittivity becomes nega-
tive, making it suitable as a plasmonic mate-
rial, or for constructing hyperbolic media, to
support surface or bulk waves with a very large
wave vector for subdiffraction imaging. Owing
to t he existence of a l oss t erm, t he negative
permittivity i s t ypically accompanied by an
appreciable imaginary part (left panel of Fig. 1A),

which seriously limits the imaging performance.
Interestingly, from amathematical perspective,
by transforming the frequency into the suitable
complex value w→ w – ig/2, the permittivity
is turned i nto a purely real value e(w) = 1 –
wp

2/(w2   + g2    /4).
A CFW with a negative imaginary part corre-

sponds to a wave with temporal attenuation.
The mathematical expression of a CFW is ex-
pressed as E tð Þee�i~w0t , where t denotes time,
~w0 ¼ w0 � it=2, and t > 0 is the temporal at-
tenuation factor. Although an ideal CFW exists
mathematically, i t i s unphysical because i t
implies that the energy would diverge when
t approaches negative infinity. Hence, a trun-
cation at t he start of t ime needs t o be i m-
plemented t o r ationalize t he CFW, t hat i s,
ET tð Þ ¼ E0e�i~w0tq tð Þ, where q(t) = 0 for t < 0
and q(t) = 1 f or t ≥ 0. Using Fourier t rans-
formation, the truncated CFW can be expanded

into the integration of the spectral components

ET ðtÞ ¼ E0
2p ∫

1

i ~w0 � wð Þe        �iwtdw, where the inte-

gration i s from −∞ to ∞ and the Fourier coef-
ficient 1=i ~w0 � wð Þ has a Lorentzian lineshape
[for details, see supplementary materials (SM)
section 6]. Hence, any response of t he sys-
tem at a complex frequency ~w0, including the
dielectric constant e and t he t ransfer f unc-
tion T, can be obtained via the integral of the
corresponding real-frequency response, as

Fð~w0Þ ≈ ∫F wð Þ 1

i ~w0 � wð Þ
e      �iwtþi~w0tdw=2p for suffi-

ciently l ong duration t. In practice, i t i s suffi-

cient to choose discrete frequency points at a
certain f requency i nterval Dw t o s ynthesize
the signal. Further, based on the compressed
sensing theory (36–38), the CFW can be syn-
thesized based on the information taken from
a finite spectrum range. If the spectrum range
is broad enough, the noise of the i nterference
between different harmonics i s suppressed.
The system response under synthesized CFW
excitation can be discretized as

Fð~w0Þ≈
X

i
F wið Þ 1         

i ~w0 � wið Þ e
�iwi tþi~w0tDw=2p

ð1Þ
Owing to the frequency being discretized, the
signal has an overall 2p/Dw temporal periodi-
city. Feeding the permittivity at a number of
frequencies (the black and gray circles in the
left panel of Fig. 1A) i nto Eq. 1, where F rep-
resents t he permittivity, we can obtain t he
synthesized permittivity of complex frequency
with t = g, as shown in the right panel of Fig. 1A,
which clearly shows that the l oss of the Drude
model can be l argely compensated by virtual
gain (for details, see SM section 7).
We use the synthetic CFW to study the imag-

ing performance i n a metal-dielectric multi-
layer l ens with a t otal of 15 l ayers ( Fig. 1B),
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which functions as a type II hyperbolic media
with mixed signs of permittivity t ensor ele-
ments along different directions (39). The left
panel of Fig. 1B schematically shows the field
emitted f rom two closely spaced slits of dif-
ferent widths from the bottom of a flat hyper-
bolic material. The waves transmitted to the
upper i nterface f orm an electric f ield pattern
Eobj(w, r), where r is the real-space coordinate.
The corresponding distribution in the momen-
tum space Eobj(w, k) can be derived by Fourier
transformation, where k is the in-plane wave
vector. Inspired by the time-reversal i maging
technique that has been demonstrated in acous-
tics and other wave systems (40–46), we used
a postprocessing procedure to mimick a phase
conjugation action to restore the image of the
object. We first performed the complex conju
gate operation of t he momentum space dis-

tribution Eobj w; kð Þ→E�
obj w; kð Þ and then mul-

tiplied it by the transfer function to obtain the
image in the Fourier space, that is

Eimag w; kð Þ ¼ E�
obj w; kð ÞT w; kð Þ ð2Þ

In t his equation, t he t ransfer f unction i s ob-
tained by Fourier transforming the point spread
function T w; kð Þ ¼ F EPSF w; rð Þ½ � , where EPSF
(w, r) i s the f ield emitted f rom a point source
located on one side of the hyperbolic slab to
the opposite surface, as shown in the right panel
of Fig. 1 B. The purpose of multiplying t he
transfer function is to restore the original image
of the object. Finally, the real-space image pat-
tern Eimag(w, r) can be obtained by the inverse
Fourier transformation of Eq. 2.
We used finite element method (FEM) simu-

lation to numerically calculate E�
obj w; kð Þ and

T(w, k), which are displayed in the left and right
panels of Fig. 1C, respectively. The calculated
image pattern based on Eq. 2 at frequency f =
6.68 GHz i s shown by the red l ine i n Fig. 1E,
which deviates from the object (shown as the
dashed line). By contrast, by performing phase
conjugation in the complex-frequency domain
(47, 48), that is, by constructing the E�

obj ~w; kð Þ
andT ~w; kð Þ, respectively, using Eq. 1 with t = g,
the large wave vector components are recovered
(Fig. 1D). The complex-frequency image faith-
fully follows the original pattern, as shown by
the blue line in Fig. 1E, verifying the capability
of the multifrequency approach to synthesize
the CFW for substantially enhancing the imag-
ing resolution compared with that of the real
frequency (red line in Fig. 1E).

E   xperimental results
Microwaves

Equations 1 and 2 require the distribution of
both amplitude and phase of field, which can
be readily obtained using a microwave charac-
terization setup for a flat hyperbolic metama-
terial l ens designed to operate at microwave
frequencies. The unit cell of the metamaterial
consists of a spiralmetallicwire–dielectric layer
with the dimensions 4mm by 4mm by 1.5mm
to form a type II hyperbolic metamaterial with
two identical in-plane negative permittivities
and one out-plane positive permittivity, as
shown inFig. 2A. The spiral structure can reduce
the plasma frequency such that the accessible
wave vectors in the Brillouin zone can bemuch
larger than those i n the free space. The corre-
sponding equifrequency contours (EFCs) at dif-
ferent frequencies are retrieved using full-wave
simulations, as shown i n Fig. 2B, where the
frequencies of t he EFCs i ncrease along t he
direction of the arrow. At higher frequencies
and in the absence of loss, the EFC can reach
the horizontal Brillouin edge, providing large
in-plane wave vectors for achieving subdiffrac-
tional imaging resolution. The corresponding
in-plane EFCs are depicted in fig. S3. Figure 2C
displays the experimental setup, wherein the
bulk metamaterial lens is composed of 80-by-
80 in-plane unit cells and 25 layers vertically.
A dipole source is placed at the bottom of the
sample, and a probe antenna is raster scanned
at t he t op surface t o measure t he near-field
distribution. The details of t he experimental
setup and samples are depicted in SM sections
1 to 3.
To begin,we scanned a one-dimensional (1D)

line above t he sample t o measure t he f ield
distribution, as depicted i n Fig. 2D, emitted
froma single dipole source across 251 discrete
frequencypointswithin the range of 5 to 7.5GHz.
The dispersion i s subsequently obtained by
Fourier transformation (Fig. 2E). The disper-
sion plot exhibits two bright lines in themiddle,
which l ocate near t he l ight cone i n t he di-
electric material, whereas the other bright lines
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Fig. 1. I llustration of l oss compensation of the superimaging l ens using synthetic CFWs. (A) The
permittivities of the Drude model with a finite damping term before (left) and after (right) l oss compensation
using t he CFWs synthesized with permittivities at multiple f requencies. The solid circles i ndicate t hat
permittivities at discretized f requencies can be used t o synthesize t he complex-frequency permittivity. Red,
green, and blue waves and dashed l ines i ndicate wave components at the three different frequencies and the
corresponding real and i maginary parts of t he permittivity. (B) The l eft panel shows a schematic of l ight
passing t hrough a metal-dielectric multilayer hyperbolic l ens f rom t wo closely placed slits at t he bottom.
The thicknesses for the metal l ayer and the dielectric l ayer are dm = 0.7 mm and dd = 1.76 mm, respectively.
The permittivity of t he metal i s described by t he Drude model, with wp = 34p GHz and g = 0.854 GHz. The
permittivity of t he dielectric medium i s ed = 2.2. Eobj represents t he f ield distribution at t he t op surface,
whereas t he right panel shows schematically t he f ield pattern EPSF generated f rom a point source.
(C) The dispersion plots f ormed by Fourier transformation of Eobj and EPSF at different f requencies. (D) The
complex-frequency dispersion plots with t = 0.854 GHz derived by synthesizing t he dispersions i n (C)
following Eq. 1. A f requency range f rom 4 t o 8 GHz i s used t o synthesize t he complex-frequency results.
(E) The corresponding i maging results at a complex frequency of (6.68 – 0.068i) GHz and a real frequency of
6.68 GHz, as i ndicated by t he red and blue dashed l ines i n (C) and (D), respectively. I , i ntensity.



with l arger wave vectors correspond t o t he
hyperbolic modes. Limited by t he damping
of the system, the measured Fourier compo-
nents i n t he momentum space are f ar f rom
reaching the Brillouin zone edge. Because the
frequency marked by the white dashed line
(f = 6.5 GHz) exhibits relatively large wave vec-
tors, it is selected as the central frequency for
the signal synthesis. The 2D field distribution
in themomentumspace at the central frequency
is shown i n Fig. 2F, and the distributions at a
number of other f requencies are provided i n
SM section 8. Using Eq. 1, we synthesized the
dispersion of the complex frequency using 251
frequency points, with the temporal snapshot
captured at the end of the temporal periodicity
(Fig. 2G). Notably, the synthesized results with
complex-frequency excitation recover the
field components across a l arge portion of
the Brillouin zone, indicating a much better

spatial r esolution t han t hat of t he real f re-
quency. Note that the Fourier space distri-
butions shown in Fig. 2, F and G, correspond
to the T(w, k) and T ~w; kð Þ of the real-frequency
and c omplex-frequency c ases i n Eq. 2 ,
respectively.
We next showcase super-resolution imaging

of subwavelength patternswith the synthesized
complex f requency. The desired pattern i s
formed by sequentially placing a single emitt-
ing dipole antenna at different locations, and
the field distribution at the top surface is mea-
sured at each location of the dipole source. The
measured field distributions are then linearly
superimposed to form the image. Subsequently,
Fourier transformation is performed to obtain
the Fourier pattern at the real and complex
frequencies, E�

obj w; kð Þ and E�
obj ~w; kð Þ . The

ground truth of three different patterns, letters
H, K, and U, are shown i n Fig. 2H, and the

corresponding imaging results obtained by
using Eq. 2 are displayed i n Fig. 2, I t o K,
respectively. The top-left image in each sub-
panel shows the Fourier pattern with synthe-
sized complex-frequency excitation, which
occupies a substantial portion of the Brillouin
zone, whereas t he corresponding bottom-
left image of each subpanel displays the image
of the subwavelength l etters. By contrast, the
imaging results at the real frequency are shown
in the right subpanels for all three cases, and,
in each case, the original pattern cannot be
identified, thereby confirming a substantial
improvement in superimagingwith the complex-
frequency approach, from l/2 to l/6, where
l is the free-space wavelength at the central
frequency (6.5 GHz) of the synthesized CFW.
We next investigated the effect of the number

of frequencypointsused to synthesize the complex-
frequency r esponse on t he s uperimaging
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Fig. 2. Experimental demonstration of l oss compensation i n superimaging
using a hyperbolic l ens at microwave frequency. (A and B) Photograph of
hyperbolic metamaterial with metallic spiral wires of 0.2-mm width printed on
a 1.5-mm-thick Teflon slab (A). The EFCs i n t he Brillouin zone at different
frequencies are depicted i n (B), with the f requencies distributed evenly between
0.9 and 6.5 GHz. The Brillouin zone boundaries along t he vertical and horizontal
directions are p/(4 mm) and p/(1.5 mm), respectively. The arrow i mplies t he
direction of i ncreased f requency of the EFCs. (C) Schematic of the experimental
setup with t he t wo dipole antennas placed near t he t op and bottom i nterfaces
of t he sample, with t he bottom and t op antennas serving as source and probe,
respectively. (D) The measured electric f ield distribution along a l ine f rom –150 to

+150 mm at the top i nterface with a f requency step of 0.01 GHz, which l ocates i n
the same y-z plane as t he source antenna. (E) The dispersion plot obtained by
spatial Fourier t ransformation of t he f ield distribution shown i n (D). (F) The 2D
electric f ield distribution i n t he momentum space at a f requency of 6.5 GHz,
which serves as the transfer function. (G) The 2D electric f ield distribution i n the
momentum space for a CFW with a frequency of (6.5 – 0.0065i) GHz synthesized by
the measurements at multiple f requencies. (H) The ground truth of the l etters
H, K, and U. (I to K) The i maging results with the dipole sources arranged i n the
shape of the three l etters. The top and bottom subpanels correspond to the Fourier
space f ield distributions and real-space i ntensity distributions, and the l eft and right
subpanels show the complex-frequency and real-frequency results, respectively.
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performance, with the results shown in Fig. 3.
The top-left subpanel of the figure displays the
object, which is composed of a five-by-five array
of dipole antennas. The horizontal and vertical
lattice constants are one-fourth and one-sixth
of the central wavelength, respectively.We grad-
ually reduced the number of frequency points
from 251 to 1 to construct the synthetic imag-
ing patterns, with a f ixed f requency step of
0.01 GHz, and the corresponding synthesized
temporal signals are depicted i n the i nsets.
Our study shows that reducing the number of
frequency points to 51 has a negligible impact
on image quality. However, as we continued to
reduce the number of frequency points, there
was a substantial decrease i n i maging reso-
lution, causing the i mages of the dipoles to
merge i nto vertical l ines. When the number
of frequency points drops below 17, these lines
become wider in the horizontal direction. The
corresponding Fourier distributions are shown
in fig. S6. This highlights the i mportance of
having a sufficient number of frequency points

to maintain good spatial resolution and avoid
image degradation.

Infrared

To showcase the versatility of the complex-
frequency method, we used a silicon carbide
(SiC) superlens operating at mid-infrared
(mid-IR) f requency t o i nvestigate t he l oss
compensation for superimaging. The design of
the superlens is based on a SiC sandwich struc-
ture (Fig. 4A), in which the upper and lower
surfaces correspond t o t he i mage and object
planes of the lens, respectively (6). The fabrica-
tion technique can be found in SM sections 4
and 5. The object is composed of a 1D grating of
varying spacings or circular apertures of vary-
ing diameters patterned on ametal film [scan-
ning electron microscopy (SEM) image shown
in the inset of Fig. 4B]. The optical i mage i s
captured by the technique of scattering-type
scanningnear-field opticalmicroscopy (s-SNOM).
With this technique, both the amplitude and
phase of the image field can be collected by the

probe. The measured f ield pattern of t he 1D
grating at the image plane is Fourier analyzed
at different frequencies and presented in Fig.
4B. Here, t he f requency i nterval i s 2 cm−1,
from 900 to 980 cm−1, with a total of 41 points.
Figure 4C displays the profiles of the grating
captured by the SiC superlens at both the com-
plex and real frequencies, in both real space
(left panel) andmomentum space (right panel).
These profiles demonstrate superior i maging
quality at the complex f requency compared
with the real frequency.
The SEM i mage of the array of 2D circular

apertures i s shown i n Fig. 4D. The f ield dis-
tributions in Fig. 4, E to G, correspond to the
images captured at the complex frequency and
two distinct real frequencies, respectively. The
complex-frequency image closely resembles
the SEM image, whereas only heavily blurred
field patterns are observed at the real frequen-
cies. To investigate the resolution limitations
of the SiC superlens with loss compensation,
two pairs of holes placed closely together, but
with varying displacements, were fabricated;
Heliumionmicroscopy (HIM) images are shown
in Fig. 4H. The corresponding s-SNOM images
at the complex and real frequencies are shown
inFig. 4, I and J, respectively.Using the complex-
frequency method, two pairs of circles with
edge-to-edge separations of 40 and 100 nm, re-
spectively, can be clearly resolved, whereas no
discernible images are formed at the real fre-
quency. The spatial resolution shown i n the
measurement of the double-aperture structure
using complex frequency is around 400 nm, as
shown i n Fig. 4I, whereas t he distance be-
tween two neighboring fieldmaxima at the cor-
responding central frequency is around 1200 nm,
as shown in Fig. 4G.

Concluding remarks

We have presented a method to compensate
for the i ntrinsic l oss of hyperbolic metamate-
rial and for SiC superimaging lenses by synthe-
sizing a complex-frequency excitation through
a multifrequency approach, which i mproves
imaging resolution beyond the limit imposed
by the damping of the system. Our approach
successfully overcomes the challenges of experi-
mentally implementing CFWs in the time do-
main, which include the need for precise CFW
synthesis and time-gated measurements after
reaching the quasi–steady state, and holds great
potential for high-resolution microscopy. Fur-
thermore, the synthesized complex-frequency
approach can be extended t o other areas of
optics, such as plasmonic sensing applications.
By l everaging the enhanced quality factor of
plasmonic structures, our approach has t he
potential to substantially improve sensitivity
in sensing applications. In addition, t he ap-
proach can be tailored to different systems
and geometries, providing a f lexible and ver-
satile tool for improving optical performance.
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The ground t ruth i s shown i n t he t op-left panel, which consists of a f ive-by-five antenna array, where t he
lattice constants along the x and y directions are l/4 and l/6, respectively. The other panels show the i mage
intensity distributions t hat were obtained using different numbers of f requency points, with t he central
frequency f ixed at 6.5 GHz and a f ixed f requency step of 0.01 GHz. The corresponding synthetic t emporal
signal i s depicted i n t he i nset of each panel.
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Fig. 4. Experimental observation of l oss compensation i n mid-IR superima-
ging using a SiC superlens. (A) Schematic of t he s-SNOM experimental setup.
A ~440-nm-thick SiC l ayer i s sandwiched between t wo SiO2 l ayers of equal
thickness (~220 nm). A 60-nm-thick gold grating i s placed at t he bottom.
(B) Fourier distribution of a l ine scan at t he i maging plane i n t he 1D grating
structure with varying spacings (SEM i mage i s shown i n t he i nset; scale bar,
2 mm). The dashed l ine represents t he central f requency of 930 cm−1.
(C) I maging patterns at both t he complex f requency ~f ¼ 930� 12ið Þ cm�1

and real f requency of 930 cm−1, i n both the real space (left) and momentum space

(right). (D) SEM i mage of a thin gold f ilm with an array of holes of different

diameters. (E) I mage of t he electric f ield at t he complex f requency ~f . (F and

G) Real-frequency i mages at 922 cm−1 (F) and 930 cm−1 (G). (H) HIM i mages of

pairs of circular holes with different spatial separations. (I and J) I mages

correspond t o electric f ield distributions of t he i mages at t he complex

frequency ~f = (930 – 12i) cm–1 (I) and r eal f requency of 930 cm−1 ( J).
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